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a b s t r a c t
This paper introduces the concepts of (α, β)-fuzzy (implicative, positive implicative,
fantastic) filters and (β, α)-fuzzy (implicative, positive implicative, fantastic) filters of BL-
algebras, where α, β ∈ {∈γ , qδ,∈γ ∧qδ,∈γ ∨qδ}, α, β ∈ {∈γ , qδ,∈γ ∧ qδ,∈γ ∨ qδ},
α 6= ∈γ ∧qδ and β 6= ∈γ ∧ qδ , and some related properties are investigated. Special
attention is paid to (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filters
and (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filters which are
generalizations of (∈,∈ ∨q)-fuzzy (implicative, positive implicative, fantastic) filters and
(∈,∈ ∨ q)-fuzzy (implicative, positive implicative, fantastic) filters studied in Ma et al.
(2008, 2009) [34,35]. It also points out that Examples 3.1.2, 3.1.9, 3.2.2, 3.2.9 and 3.3.9 in
Ma et al. (2009) [35] are incorrect.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The concept of BL-algebras was introduced by Hájek as the algebraic structures for his Basic Logic [1]. A well known
example of a BL-algebra is the interval [0, 1] endowed with the structure induced by a continuous t-norm. On the other
hand, the MV -algebras, introduced by Chang in 1958 (see [2]), are one of the most well known classes of BL-algebras. In
order to investigate the logic system whose semantic truth value is given by a lattice, Xu [3] proposed the concept of lattice
implication algebras and studied the properties of filters in such algebras [4]. Later on, Wang [5] proved that the lattice
implication algebras are categorically equivalent to the MV -algebras. Furthermore, in order to provide an algebraic proof
of the completeness theorem of a formal deductive system [6], Wang [7] introduced the concept of R0-algebras. In fact,
the MV -algebras, Göel algebras and product algebras are the most known classes of BL-algebras. BL-algebras are further
discussed by many researchers; see [8–17]. Recent investigations are concerned with non-commutative generalizations for
these structures. In [18], Georgescu and Iorgulescu introduced the concept of pseudo-MV -algebras as a non-commutative
generalization of MV -algebras. Several researchers discussed the properties of pseudo-MV -algebras; see [19–22]. Pseudo-
BL-algebras are a common extension of BL-algebras and pseudo-MV -algebras, see [23–27]. These structures seem to be a
very general algebraic concept with the aim of expressing the non-commutative reasoning.
After the introduction of the concept of fuzzy sets by Zadeh in 1965 [28], many papers have been devoted to fuzzify
the classical mathematics into fuzzy mathematics. Using the notions ‘‘belongingness (∈)’’ and ‘‘quasi-coincidence (q)’’ of a
fuzzy point with a fuzzy set introduced by Pu and Liu [29], the concept of (α, β)-fuzzy subgroups where α, β are any two
of {∈, q,∈ ∨q,∈ ∧q} with α 6= ∈ ∧q introduced by Bhakat and Das [30] in 1992, in which the (∈,∈ ∨q)-fuzzy subgroup
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is an important and useful generalization of Rosenfeld’s fuzzy subgroup [31]. It is now natural to investigate similar types
of generalizations of the existing fuzzy subsystems with other algebraic structures. Ma et al. [32] applied this theory to BL-
algebras and obtained some useful results. Further, Zhan et al. [33] discussed the properties of interval-valued (∈,∈ ∨q)-
fuzzy filters of pseudo-BL-algebras. For more details, the reader is referred to [34–37].
In this paper, we dealwith a generalization of the papersMa et al. [34,35].We discussedmore general forms of (∈,∈ ∨q)-
fuzzy (implicative, positive implicative, fantastic) filters and (∈,∈ ∨ q)-fuzzy (implicative, positive implicative, fantastic)
filters of BL-algebras. We introduce the concepts of (α, β)-fuzzy (implicative, positive implicative, fantastic) filters and
(β, α)-fuzzy (implicative, positive implicative, fantastic) filters of BL-algebras, and some related properties are investigated.
Special attention is paid to (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filters and (∈γ ,∈γ ∨ qδ)-fuzzy
(implicative, positive implicative, fantastic) filters. We also point out that Examples 3.1.2, 3.1.9, 3.2.2, 3.2.9 and 3.3.9 in [35]
are incorrect.
2. Preliminaries
In this section, we give a review of some fundamental concepts that are necessary for this paper.
Recall that an algebra L = (L,≤,∧,∨,,→, 0, 1) is a BL-algebra if it is a bounded lattice such that the following
conditions are satisfied:
(i) (L,, 1) is a commutative monoid,
(ii)  and→ form an adjoin pair, i.e., z ≤ x→ y if and only if x z ≤ y for all x, y, z ∈ L,
(iii) x ∧ y = x (x→ y),
(iv) (x→ y) ∨ (y→ x) = 1.
In what follows, L is a BL-algebra unless otherwise specified.
In any BL-algebra L, the following statements are true:
(1) x ≤ y⇔ x→ y = 1,
(2) x→ (y→ z) = (x y)→ z = y→ (x→ z),
(3) (x y) ≤ x ∧ y,
(4) x→ y ≤ (z → x)→ (z → y), y→ x ≤ (y→ z)→ (x→ z),
(5) x→ x′ = x′′ → x,
(6) x ∨ x′ = 1 = x ∧ x′ = 0,
(7) x ∨ y = ((x→ y)→ y) ∧ ((y→ x)→ x),
where x′ = x→ 0.
A non-empty subset A of L is called a filter of L if it satisfies the following conditions: (i) 1 ∈ A; (ii) ∀x ∈ A, y ∈ L, x→ y ∈
A⇒ y ∈ A. It is easy to check that a non-empty subset A of L is a filter of L if and only if it satisfies: (i) ∀x, y ∈ L, x y ∈ A;
(ii) ∀x ∈ A, x ≤ y→ y ∈ A.
Now, we call a filter A of L an implicative filter of L if it satisfies x→ (z ′ → y) ∈ A, y→ z ∈ A⇒ x→ z ∈ A. A filter A
of L is said to be a positive implicative filter of L if it satisfies x→ (y→ z) ∈ A, x→ y ∈ A ⇒ x→ z ∈ A. A filter A of L is
called a fantastic filter of L if it satisfies z → (y→ x) ∈ A, z ∈ A⇒ ((x→ y)→ y)→ x ∈ A.
Theorem 2.1 ([35]). A non-empty subset A of L is an implicative filter of L if and only if it is both a positive implicative filter and
a fantastic filter.
We next state some fuzzy logic concepts. Recall that a fuzzy subset F of a non-empty set X is defined as a mapping from
X to [0, 1], where [0, 1] is the usual interval of real numbers. The set of all fuzzy subsets of X is denoted by F(X). A fuzzy
subset F of X having the form
F(y) =
{
r if y = x,
0 otherwise,
is said to be a fuzzy point with support x and value r and is denoted by U(x; r), where r ∈ (0, 1].
For a fuzzy point U(x; r) and a fuzzy subset F of X , we say that
(1) U(x; r) ∈ F if F(x) ≥ r .
(2) U(x; r) q F if F(x)+ r > 1.
(3) U(x; r) ∈ ∨q F if U(x; r) ∈ F or U(x; r) q F .
(4) U(x; r) α F if U(x; r) α F does not hold for α ∈ {∈, q,∈ ∨q}.
Definition 2.2 ([34]). A fuzzy subset F of L is said to be an (∈,∈ ∨q)-fuzzy filter of L if for all r, t ∈ (0, 1] and x, y ∈ L,
(1) U(x; r) ∈ F and U(y; t) ∈ F ⇒ U(x y;min{r, t}) ∈ ∨q F ,
(2) U(x; r) ∈ F ⇒ U(y; r) ∈ ∨q F with x ≤ y.
An (∈,∈ ∨q)-fuzzy filter F of L is called an
(i) (∈,∈ ∨q)-fuzzy implicative filter of L if it satisfies:
(3) F(x→ z) ≥ min{F(x→ (z ′ → y)), F(y→ z), 0.5} for all x, y, z ∈ L,
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(ii) (∈,∈ ∨q)-fuzzy positive implicative filter of L if it satisfies:
(4) F(x→ z) ≥ min{F(x→ (y→ z)), F(x→ y), 0.5} for all x, y, z ∈ L,
(iii) (∈,∈ ∨q)-fuzzy fantastic filter of L if it satisfies:
(5) F(((x→ y)→ y)→ x) ≥ min{F(z → (y→ x)), F(z), 0.5} for all x, y, z ∈ L.
Definition 2.3 ([35]). A fuzzy subset F of L is called an (∈,∈ ∨ q)-fuzzy filter F of L if for all r, t ∈ (0, 1] and x, y ∈ L,
(1) U(x y;min{r, t})∈ F ⇒ U(x; r)∈ ∨ q F or U(y; t)∈ ∨ q F ,
(2) U(y; r)∈ F ⇒ U(x; r)∈ ∨ q F with x ≤ y.
An (∈,∈ ∨ q)-fuzzy filter F of L is called an
(i) (∈,∈ ∨ q)-fuzzy implicative filter of L if it satisfies:
(3) max{F(x→ z), 0.5} ≥ min{F(x→ (z ′ → y)), F(y→ z)} for all x, y, z ∈ L,
(ii) (∈,∈ ∨ q)-fuzzy positive implicative filter of L if it satisfies:
(4) max{F(x→ z), 0.5} ≥ min{F(x→ (y→ z)), F(x→ y)} for all x, y, z ∈ L,
(iii) (∈,∈ ∨ q)-fuzzy fantastic filter of L if it satisfies:
(5) max{F(((x→ y)→ y)→ x), 0.5} ≥ min{F(z → (y→ x)), F(z)} for all x, y, z ∈ L.
Definition 2.4 ([35]). Given γ , δ ∈ (0, 1] and γ < δ, a fuzzy subset F of L is a fuzzy filter with thresholds (γ , δ) of L if for
all x, y ∈ L
(1) max{F(x y), γ } ≥ min{F(x), F(y), δ},
(2) max{F(y), γ } ≥ min{F(x), δ}with x ≤ y.
A fuzzy filter with thresholds (γ , δ)F of L is called a
(i) fuzzy implicative filter with thresholds (γ , δ) of L if it satisfies:
(3) max{F(x→ z), γ } ≥ min{F(x→ (z ′ → y)), F(y→ z), δ} for all x, y, z ∈ L,
(ii) fuzzy positive implicative filter with thresholds (γ , δ) of L if it satisfies:
(4) max{F(x→ z), γ } ≥ min{F(x→ (y→ z)), F(x→ y), δ} for all x, y, z ∈ L,
(iii) fuzzy fantastic filter with thresholds (γ , δ) of L if it satisfies:
(5) max{F(((x→ y)→ y)→ x), γ } ≥ min{F(z → (y→ x)), F(z), δ} for all x, y, z ∈ L.
3. (α, β)-fuzzy (implicative, positive implicative, fantastic) filters
In this section, we introduce some new relationships between fuzzy points and fuzzy sets, and investigate (α, β)-fuzzy
(implicative, positive implicative, fantastic) filters of BL-algebras.
In what follows let γ , δ ∈ [0, 1] be such that γ < δ. For a fuzzy point U(x; r) and a fuzzy subset F of X , we say that
(1) U(x; r)∈γ F if F(x) ≥ r > γ .
(2) U(x; r)qδ F if F(x)+ r > 2δ.
(3) U(x; r)∈γ ∨qδ F if U(x; r)∈γ F or U(x; r)qδF .
(4) U(x; r)∈γ ∧qδ F if U(x; r)∈γ F and U(x; r)qδ F .
(5) U(x; r)α F if U(x; r) α F does not hold for α ∈ {∈γ , qδ,∈γ ∨qδ,∈γ ∧qδ}.
Now we introduce (α, β)-fuzzy (implicative, positive implicative, fantastic) filters of L, where α ∈ {∈γ , qδ,∈γ ∨qδ} and
β ∈ {∈γ , qδ,∈γ ∧qδ,∈γ ∨qδ}, as follows.
Definition 3.1. A fuzzy subset F of L is called an (α, β)-fuzzy filter of L if for all r, t ∈ (γ , 1] and x, y, z ∈ L,
(F1a) U(x; r) α F and U(y; t) α F ⇒ U(x y;min{r, t})β F ,
(F2a) U(x; r) α F ⇒ U(y; r)β F with x ≤ y.
An (α, β)-fuzzy filter F of L is called an
(i) (α, β)-fuzzy implicative filter of L if it satisfies:
(F3a) U(x→ (z ′ → y); r) α F and U(y→ z; t) α F ⇒ U(x→ z;min{r, t})β F .
(ii) (α, β)-fuzzy positive implicative filter of L if it satisfies:
(F4a) U(x→ (y→ z); r) α F and U(x→ y; t) α F ⇒ U(x→ z;min{r, t})β F .
(iii) (α, β)-fuzzy fantastic filter of L if it satisfies:
(F5a) U(z → (y→ x); r) α F and U(z; t) α F ⇒ U(((x→ y)→ y)→ x;min{r, t})β F .
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The case α = ∈γ ∧qδ can be omitted since for a fuzzy subset F of L such that F(x) ≤ δ for any x ∈ L in the case
U(x; r)∈γ ∧qδ F we have F(x) ≥ r and F(x) + r > 2δ. Thus F(x) + F(x) > F(x) + r > 2δ, which implies F(x) > δ. This
means that {U(x; r) : U(x; r)∈γ ∧qδ F} = ∅.
As it is not difficult to see, each (α, β)-fuzzy (implicative, positive implicative, fantastic) filter of L is an (α,∈γ ∨qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L. Hence, in the theory of (α, β)-fuzzy (implicative, positive implicative,
fantastic) filters the central role is played by (α,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filters and we
only need to investigate the properties of (α,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filters. In what
follows let α ∈ {∈γ , qδ,∈γ ∨qδ} unless otherwise specified.
Example 3.2. Let L = {0, a, b, 1}where 0 < a < b < 1. Define x ∧ y = min{x, y}, x ∨ y = max{x, y}, and ‘‘’’ and ‘‘→’’ as
follows:
 0 a b 1
0 0 0 0 0
a 0 a a a
b 0 a a b
1 0 a b 1
and
→ 0 a b 1
0 1 1 1 1
a 0 1 1 1
b 0 b 1 1
1 0 a b 1
Then (L,∧,∨,,→, 1) is a BL-algebra (see [35]). Define a fuzzy subset F of L by
F(0) = 0.2, F(a) = 0.6, F(b) = 0.7, F(1) = 0.6.
Then F is an (α; ∈0.2 ∨q0.6)-fuzzy (implicative, positive implicative, fantastic) filter of L.
Theorem 3.3. Let 2δ = 1 + γ and F be an (α,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L. Then the
set Fγˆ is an (implicative, positive implicative, fantastic) filter of L, where Fγˆ = {x ∈ L|F(x) > γ }.
Proof. Assume that F is an (α,∈γ ∨qδ)-fuzzy filter of L. Let x, y, a ∈ Fγˆ and b ∈ L be such that a ≤ b. Then F(x) > γ , F(y) >
γ and F(a) > γ . We consider the following two cases.
Case 1: α ∈ {∈γ ,∈γ ∨qδ}. Then U(x; F(x)) α F ,U(y; F(y)) α F and U(a; F(a)) α F . By (F1a), U(x  y;min{F(x), F(y)})
∈γ ∨qδ F , i.e.,U(xy;min{F(x), F(y)})∈γ F orU(xy;min{F(x), F(y)})qδ F . It follows that F(xy) ≥ min{F(x), F(y)} > γ
or F(xy)+min{F(x), F(y)} > 2δ, and so F(xy) ≥ min{F(x), F(y)} > γ or F(xy) > 2δ−min{F(x), F(y)} ≥ 2δ−1 = γ .
Hence F(x y) > γ and so x y ∈ Fγˆ .
By (F2a), U(b; F(a))∈γ ∨qδ F , i.e., U(b; F(a))∈γ F or U(b; F(a))qδ F . It follows that F(b) ≥ F(a) > γ or F(b) >
2δ − F(a) ≥ 2δ − 1 = γ , which gives that F(b) > γ . Hence b ∈ Fγˆ .
Therefore, Fγˆ is a filter of L.
Case 2: α = qδ . Then U(x; 1) α F , U(y; 1) α F and U(a; 1) α F since 2δ = 1 + γ . Analogous to the proof of Case 1, we may
prove that Fγˆ is a filter of L.
The cases for (α,∈γ ∨qδ)-fuzzy implicative (positive implicative, fantastic) filters of L can be similarly proved. 
Theorem 3.4. Let 2δ = 1+ γ and A be a non-empty subset of L. Then A is an (implicative, positive implicative, fantastic) filter
of L if and only if the fuzzy subset F of L such that F(x) ≥ δ for all x ∈ A and F(x) = γ otherwise is an (α,∈γ ∨qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L.
Proof. Assume that A is a filter of L. Let x, y ∈ L and r, t ∈ (γ , 1] be such that U(x; r) α F and U(y; t) α F . Then we have the
following four cases.
Case 1: U(x; r)∈γ F and U(y; t)∈γ F . Then F(x) ≥ r > γ and F(y) ≥ t > γ . Thus, F(x) ≥ δ and F(y) ≥ δ, i.e., x, y ∈ A.
Case 2: U(x; r)qδ F and U(y; t)qδ F . Then F(x) + r > 2δ and F(y) + t > 2δ, and so F(x) > 2δ − r ≥ 2δ − 1 = γ and
F(y) > 2δ − t ≥ 2δ − 1 = γ . It follows that F(x) ≥ δ and F(y) ≥ δ, i.e., x, y ∈ A.
Case 3:U(x; r)∈γ F andU(y; t)qδ F . Then F(x) ≥ r > γ and F(y)+t > 2δ. Analogous to the proof of Cases 1 and 2, F(x) ≥ δ
and F(y) ≥ δ, i.e., x, y ∈ A.
Case 4:U(x; r)qδ F andU(y; t)∈γ F . Then F(x)+r > 2δ and F(y) ≥ t > γ . Analogous to the proof of Cases 1 and 2, F(x) ≥ δ
and F(y) ≥ δ, i.e., x, y ∈ A.
Thus, in any case, x, y ∈ A. Hence x  y ∈ A, which implies that F(x  y) ≥ δ. If min{r, t} ≤ δ, then F(x  y) ≥
δ ≥ min{r, t} > γ , i.e., U(x  y,min{r, t})∈γ F . If min{r, t} > δ, then F(x  y) + min{r, t} > δ + δ = 2δ,
i.e., U(x y,min{r, t})qδ F . Therefore, U(x y,min{r, t})∈γ ∨qδ F .
Now let x, y ∈ L and r ∈ (γ , 1] be such that x ≤ y and U(x; r) α F . Then we have the following two cases.
Case 1: U(x; r)∈γ F . Then F(x) ≥ r > γ which implies that x ∈ A.
Case 2: U(x; r) qδ F . Then F(x)+ r > 2δ and so F(x) > 2δ − r ≥ 2δ − 1 = γ . It follows that x ∈ A.
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Thus, in any case, x ∈ A and so y ∈ A. If r ≤ δ, then F(y) ≥ r > γ , i.e., U(y; r)∈γ F . If r > δ, then F(y) + r ≥ r + r >
δ + δ = 2δ, i.e., U(y; r)qδF . Hence, U(x; r)∈γ ∨qδ F .
Therefore, F is an (α,∈γ ∨qδ)-fuzzy filter of L.
Conversely, assume that F is an (α,∈γ ∨qδ)-fuzzy filter of L. It is easy to see that A = Fγˆ . Hence it follows from
Theorem 3.3 that A is a filter of L.
The cases for (α,∈γ ∨qδ)-fuzzy implicative (positive implicative, fantastic) filters of L can be similarly proved. 
Proposition 3.5. Each (∈γ ∨qδ , ∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter F of L is an (∈γ ,∈γ ∨qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L.
Proof. This is straightforward since U(x; r)∈γ F implies U(x; r)∈γ ∨qδ F for all x ∈ L and r ∈ (γ , 1]. 
Proposition 3.6. Each (∈γ ,∈γ )-fuzzy (implicative, positive implicative, fantastic) filter F of L is an (∈γ ,∈γ ∨qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L.
Proof. It is straightforward. 
The following example shows that the converse of Propositions 3.5 and 3.6 may not be true.
Example 3.7. Let L = {0, a, b, c, d, 1} where 0 < b < a < 1, 0 < d < a < 1 and 0 < d < c < 1. Define
x ∧ y = min{x, y}, x ∨ y = max{x, y}, and ‘‘’’ and ‘‘→’’ as follows:
 0 a b c d 1
0 0 0 0 0 0 0
a 0 b b d 0 a
b 0 b b 0 0 b
c 0 d 0 c d c
d 0 0 0 d 0 d
1 0 a b c d 1
and
→ 0 a b c d 1
0 1 1 1 1 1 1
a d 1 a c c 1
b c 1 1 c c 1
c b a b 1 a 1
d a 1 a 1 1 1
1 0 a b c d 1
Then (L,∧,∨,,→, 1) is a BL-algebra (see [12]). Define a fuzzy subset F of L by
F(0) = 0.2, F(a) = 0.7, F(b) = 0.6, F(c) = 0.2, F(d) = 0.3 and F(1) = 0.7.
Then
(1) It is routine to verify that F is an (∈0.3; ∈0.3 ∨q0.6)-fuzzy (implicative, positive implicative, fantastic) filter of L.
(2) F is not an (∈0.3; ∈0.3)-fuzzy (implicative, positive implicative, fantastic) filter of L sinceU(a; 0.7)∈0.3 F butU(b; 0.7) =
U(a a; 0.7)∈0.3 F .
(3) F is not an (∈0.3 ∨q0.6; ∈0.3 ∨q0.6)-fuzzy (implicative, positive implicative, fantastic) filter of L since U(d; 0.95)∈0.3
∨q0.6 F and d < c but U(c; 0.95)∈0.3 ∨q0.6 F .
Theorem 3.8. Let F be a fuzzy subset of L. If F is an (qδ,∈γ ∨qδ)-fuzzy filter of L, then the following conditions hold: ∀x, y ∈ L
(F6a) max{F(x y), γ } ≥ min{F(x), F(y), δ},
(F7a) max{F(y), γ } ≥ min{F(x), δ} with x ≤ y.
If F is an (α, β)-fuzzy implicative (positive implicative, fantastic) filter of L, then the following conditions hold, respectively:
∀x, y, z ∈ L
(F8a) max{F(x→ z), γ } ≥ min{F(x→ (z ′ → y)), F(y→ z), δ},
(F9a) max{F(x→ z), γ } ≥ min{F(x→ (y→ z)), F(x→ y), δ},
(F10a) max{F(((x→ y)→ y)→ x), γ } ≥ min{F(z → (y→ x)), F(z), δ}.
Proof. Let F be an (qδ,∈γ ∨qδ)-fuzzy filter of L. We only show (F6a). The other properties can be similarly proved. Assume
that there exist x, y ∈ L such that max{F(x y), γ } < min{F(x), F(y), δ}. Then for all r such that 2δ −max{F(x y), γ } >
r > 2δ − min{F(x), F(y), δ}, we have 2δ − F(x  y) ≥ 2δ − max{F(x  y), γ } > r > max{2δ − F(x), 2δ − F(y), δ}
and so F(x) + r > 2δ, F(y) + r > 2δ, F(x  y) + r < 2δ and F(x  y) < δ < r . Hence U(x; r) qδ F ,U(y; r) qδ F but
U(x y; r)∈γ ∨qδ F , a contradiction. Therefore, max{F(x y), γ } ≥ min{F(x), F(y), δ} for all x, y ∈ L. 
Theorem 3.9. A fuzzy subset F of L is an (∈γ ,∈γ ∨qδ)-fuzzy filter of L if and only if the following conditions hold: ∀x, y ∈ L
(F6a) max{F(x y), γ } ≥ min{F(x), F(y), δ},
(F7a) max{F(y), γ } ≥ min{F(x), δ} with x ≤ y.
An (∈γ ,∈γ ∨qδ)-fuzzy filter F of L is an (∈γ ,∈γ ∨qδ)-fuzzy implicative (positive implicative, fantastic) filter of L if and only if
the following conditions hold, respectively: ∀x, y, z ∈ L
(F8a) max{F(x→ z), γ } ≥ min{F(x→ (z ′ → y)), F(y→ z), δ},
(F9a) max{F(x→ z), γ } ≥ min{F(x→ (y→ z)), F(x→ y), δ},
(F10a) max{F(((x→ y)→ y)→ x), γ } ≥ min{F(z → (y→ x)), F(z), δ}.
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Proof. (F1a) ⇒ (F6a) If there exist x, y ∈ L such that max{F(x  y), γ } < r = min{F(x), F(y), δ}. Then F(x) ≥ r >
γ , F(y) ≥ r > γ , F(x  y) < r and F(x  y) + r < 2r ≤ 2δ, i.e., U(x; r)∈γ F ,U(y; r)∈γ F but U(x  y; r)∈γ ∨qδ F , a
contradiction. Hence (F6a) is valid.
(F6a)⇒ (F1a) If there exist x, y ∈ L and r, t ∈ (γ , 1] such that U(x; r)∈γ F ,U(y; t)∈γ F but U(x y;min{r, t})∈γ ∨qδ F ,
then F(x) ≥ r, F(y) ≥ t, F(x  y) < min{r, t} and F(x  y) + min{r, t} ≤ 2δ. It follows that F(x  y) < δ and so
max{F(x y), γ } < min{r, t, δ} ≤ min{F(x), F(y), δ}, a contradiction. Hence (F1a) is satisfied.
(F2a) ⇒ (F7a) Let x ≤ y. If max{F(y), γ } < r = min{F(x), δ}. Then F(x) ≥ r > γ , F(y) < r and F(y) + r < 2r ≤ 2δ,
i.e., U(x; r)∈γ F but U(y; r)∈γ ∨qδ F , a contradiction. Hence (F7a) is valid.
(F7a) ⇒ (F2a) If there exist x, y ∈ L and r, t ∈ (γ , 1] such that x ≤ y and U(x; r)∈γ F but U(y; r)∈γ ∨qδ F , then
F(x) ≥ r, F(y) < r and F(y) + r ≤ 2δ. It follows that F(y) < δ and so max{F(y), γ } < min{r, δ} ≤ min{F(x), δ}, a
contradiction. Hence (F2a) is satisfied.
Therefore, a fuzzy subset F of L is an (∈γ ,∈γ ∨qδ)-fuzzy filter of L if and only if conditions (F6a) and (F7a) hold. The cases
for (∈γ ,∈γ ∨qδ)-fuzzy implicative (positive implicative, fantastic) filters of L can be similarly proved. 
As a direct consequence of Theorems 3.8 and 3.9, we have the following result.
Proposition 3.10. Each (qδ,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter F of L is an (∈γ ,∈γ ∨qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L.
The following example shows that the converse of Proposition 3.10 is not true in general.
Example 3.11. Let L and F be as in Example 3.7. Then F is an (∈0.3; ∈0.3 ∨q0.6)-fuzzy (implicative, positive implicative,
fantastic) filter of L, but it is not a (q0.6; ∈0.3 ∨q0.6)-fuzzy (implicative, positive implicative, fantastic) filter of L since
U(d; 1) q0.6 F and d < c but U(c; 1)∈0.3 ∨q0.6 F .
Remark 3.12. For any (∈γ ,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter F of L, we can conclude that
(1) if γ = 0 and δ = 1, then F is the fuzzy (implicative, positive implicative, fantastic) filter of L (see [10,11]) ;
(2) if γ = 0 and δ = 0.5, then F is the (∈,∈ ∨q)-fuzzy (implicative, positive implicative, fantastic) filter of L (see [34]);
(3) if γ = 0.5 and δ = 1, then F is the (∈,∈ ∨ q)-fuzzy (implicative, positive implicative, fantastic) filter of L (see [35]);
(4) F is the fuzzy (implicative, positive implicative, fantastic) filter of Lwith thresholds (γ , δ) (see [35]).
Remark 3.13. As we observe, Examples 3.1.2, 3.1.9, 3.2.2, 3.2.9 and 3.3.9 in [35] are incorrect. Indeed:
(1) The fuzzy subset F of L defined in Example 3.1.2 in [35] is not an (∈,∈∨q)-fuzzy implicative filter of L. In fact, since a < b
andU(b; 0.4)∈ F butU(a; 0.4) ∈ F andU(a; 0.4) q F , F is not an (∈,∈∨q)-fuzzy filter and so it is not an (∈,∈∨q)-fuzzy
implicative filter of L.
(2) The fuzzy subset F of L defined in Example 3.1.9 in [35] is not a fuzzy implicative filter with thresholds (0.4, 0.6] of L. In
fact, since a < b but max{F(b), 0.4} = 0.4 < 0.6 = min{F(a), 0.6}, F is not a fuzzy filter with thresholds (0.4, 0.6] and
so it is not a fuzzy implicative filter with thresholds (0.4, 0.6] of L.
(3) The fuzzy subset F of L defined in Example 3.2.2 in [35] is not an (∈,∈ ∨ q)-fuzzy positive implicative filter of L. In fact,
since b < c and U(c; 0.6)∈ F but U(b; 0.6) ∈ F and U(b; 0.6) q F , F is not an (∈,∈ ∨ q)-fuzzy filter and so it is not an
(∈,∈ ∨ q)-fuzzy positive implicative filter of L.
(4) The fuzzy subset F of L defined in Example 3.2.9 in [35] is not a fuzzy positive implicative filter with thresholds (0.4, 0.6]
of L. In fact, since b < c but max{F(c), 0.4} = 0.4 < 0.6 = min{F(b), 0.6}, F is not a fuzzy filter with thresholds (0.4,
0.6] and so it is not a fuzzy positive implicative filter with thresholds (0.4, 0.6] of L.
(5) The fuzzy subset F of L defined in Example 3.3.9 in [35] is not a fuzzy fantastic filter with thresholds (0.2, 0.6] of L. In
fact, since a < b but max{F(b), 0.4} = 0.2 < 0.6 = min{F(a), 0.6}, F is not a fuzzy filter with thresholds (0.2, 0.6] and
so it is not a fuzzy fantastic filter with thresholds (0.2, 0.6] of L.
It is worth noting that the fuzzy subset F of L defined in Example 3.7 is a fuzzy (implicative, positive implicative,
fantastic) filter with thresholds (0.4, 0.6] of L. But F could neither be a fuzzy (implicative, positive implicative, fantastic)
filter, an (∈,∈ ∨q)-fuzzy (implicative, positive implicative, fantastic) filter of L, nor an (∈,∈∨q)-fuzzy (implicative, positive
implicative, fantastic) filter of L.
For any F ∈ F(L), we define Fr = {x ∈ L|U(x; r)∈γ F}, F δr = {x ∈ L|U(x; r) qδ F} and [F ]δr = {x ∈ L|U(x; r)∈γ ∨qδ F} for
all r ∈ [0, 1]. It is clear that [F ]δr = Fr ∪ F δr .
The next theorem provides the relationship between (∈γ ,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic)
filters of L and crisp (implicative, positive implicative, fantastic) filters of L.
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Theorem 3.14. Let F ∈ F(L).
(1) F is an (∈γ ,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if Fr(6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (γ , δ].
(2) If 2δ = 1+ γ , then F is an (∈γ ,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if F δr (6=∅)
is an (implicative, positive implicative, fantastic) filter of L for all r ∈ (δ, 1].
(3) If 2δ = 1+ γ , then F is an (∈γ ,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if [F ]δr (6=∅)
is an (implicative, positive implicative, fantastic) filter of L for all r ∈ (γ , 1].
Proof. Weonly show (3). Let F be an (∈γ ,∈γ ∨qδ)-fuzzy filter of L and x, y ∈ [F ]δr for some r ∈ (γ , 1]. ThenU(x; r)∈γ ∨qδ F
and U(y; r)∈γ ∨qδ F , i.e., F(x) ≥ r or F(x) > 2δ − r ≥ 2δ − 1 = γ , and F(y) ≥ r or F(y) > 2δ − r ≥ 2δ − 1 = γ . Since F
is an (∈γ ,∈γ ∨qδ)-fuzzy filter of L, we have F(x y) ≥ min{F(x), F(y), δ}. We consider the following cases.
Case 1: r ∈ (γ , δ]. Since r ∈ (γ , δ], we have 2δ − r ≥ δ ≥ r . It follows that F(x) ≥ r and F(y) ≥ r . Hence
F(x y) ≥ min{F(x), F(y), δ} ≥ min{r, r, r} = r and so U(x y; r)∈γ F .
Case 2: r ∈ (δ, 1]. Since r ∈ (δ, 1], we have 2δ − r < δ < r . It follows that F(x) > 2δ − r and F(y) > 2δ − r . Hence
F(x y) ≥ min{F(x), F(y), δ} > min{2δ − r, 2δ − r, 2δ − r} = 2δ − r and so U(x y; r) qδ F .
Thus, in any case, U(x y; r)∈γ ∨qδ F , i.e., x y ∈ [F ]δr . Similarly we can show that x ∈ [F ]δr and x ≤ y implies y ∈ [F ]δr
for all x, y ∈ L. Therefore, [F ]δr is a filter of L.
Conversely, assume that the given condition holds. Let x, y ∈ L. If max{F(x  y), γ } < r = min{F(x), F(y), δ},
then U(x; r)∈γ F ,U(y; r)∈γ F but U(x  y; r)∈γ ∨qδ F , i.e., x, y ∈ [F ]δr but x  y 6∈ [F ]δr , a contradiction. Therefore,
max{F(x y), γ } ≥ min{F(x), F(y), δ}. Similarly we can show that condition (F7a) holds. Therefore, F is an (∈γ ,∈γ ∨qδ)-
fuzzy filter of L by Theorem 3.9.
The cases for (∈γ ,∈γ ∨qδ)-fuzzy implicative (positive implicative, fantastic) filter of L can be similarly proved. 
As a direct of consequence of Theorem 3.14, we have the following result.
Corollary 3.15. Let γ , γ ′, δ, δ′ ∈ [0, 1] be such that γ < δ, γ ′ < δ′, γ < γ ′ and δ′ < δ. Then every (∈γ ,∈γ ∨qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L is an (∈γ ′ ,∈γ ′ ∨qδ′)-fuzzy (implicative, positive implicative, fantastic) filter
of L.
The following example shows that the converse of Corollary 3.15 is not true in general.
Example 3.16. Let L and F be as in Example 3.7. Then F is an (∈0.3,∈0.3 ∨q0.6)-fuzzy (implicative, positive implicative,
fantastic) filter of L, but not an (∈0.3,∈0.3 ∨q0.7)-fuzzy (implicative, positive implicative, fantastic) filter of L.
If we take γ = 0 and δ = 0.5 in Theorem 3.14, then we have the following result.
Corollary 3.17. Let F ∈ F(L).
(1) F is an (∈,∈ ∨q)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if U(F; r)(6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (0, 0.5], where U(F; r) = {x ∈ L|U(x; r) ∈ F} (see [34]).
(2) F is an (∈,∈ ∨q)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if Q (F; r)(6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (0.5, 1], where Q (F; r) = {x ∈ L|U(x; r) q F}.
(3) F is an (∈,∈ ∨q)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if [F ]r(6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (0, 1], where [F ]r = {x ∈ L|U(x; r) ∈ ∨q F}.
The next theorem presents the relationships among (∈γ ,∈γ ∨qδ)-fuzzy implicative filters, (∈γ ,∈γ ∨qδ)-fuzzy positive
implicative filters and (∈γ ,∈γ ∨qδ)-fuzzy fantastic filters of L.
Theorem 3.18. A fuzzy subset F of L is an (∈γ ,∈γ ∨qδ)-fuzzy implicative filter of L if and only if it is both an (∈γ ,∈γ ∨qδ)-fuzzy
positive implicative filter and an (∈γ ,∈γ ∨qδ)-fuzzy fantastic filter.
Proof. It is straightforward by Theorems 2.1 and 3.14. 
4. (β, α)-fuzzy (implicative, positive implicative, fantastic) filters
In this section, we define and investigate (β, α)-fuzzy (implicative, positive implicative, fantastic) filters of BL-algebras,
where α ∈ {∈γ , qδ,∈γ ∧ qδ,∈γ ∨ qδ} and β ∈ {∈γ , qδ,∈γ ∨ qδ}.
Definition 4.1. A fuzzy subset F of L is called an (β, α)-fuzzy filter of L if for all r, t ∈ (γ , 1] and x, y, z ∈ L,
(F1b) U(x y;min{r, t})β F ⇒ U(x; r)α F or U(y; t)α F ,
(F2b) U(y; r)β F ⇒ U(x; r)α F with x ≤ y.
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An (β, α)-fuzzy filter F of L is called an
(i) (β, α)-fuzzy implicative filter of L if it satisfies:
(F3b) U(x→ z;min{r, t})β F ⇒ U(x→ (z ′ → y); r)α F or U(y→ z; t)α F .
(ii) (β, α)-fuzzy positive implicative filter of L if it satisfies:
(F4b) U(x→ z;min{r, t})βF ⇒ U(x→ (y→ z); r)α F or U(x→ y; t)α F .
(iii) (β, α)-fuzzy fantastic filter of L if it satisfies:
(F5b) U(((x→ y)→ y)→ x;min{r, t})β F ⇒ U(z → (y→ x); r)α F or U(z; t)α F .
The case α = ∈γ ∧ qδ can be omitted since for a fuzzy subset F of L such that F(x) ≥ δ for any x ∈ L in the case
U(x; r)∈γ ∧ qδ F we have F(x) < r and F(x) + r ≤ 2δ. Thus F(x) + F(x) < F(x) + r ≤ 2δ, which implies F(x) < δ. This
means that {U(x; r) : U(x; r)∈γ ∧ qδF} = ∅.
As it is not difficult to see, each (β, α)-fuzzy (implicative, positive implicative, fantastic) filter of L is a (β,∈γ ∨ qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L. Hence, in the theory of (β, α)-fuzzy (implicative, positive implicative,
fantastic) filters the central role is played by (β,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filters and we
only need to investigate the properties of (β,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filters. In what
follows let β ∈ {∈γ , qδ,∈γ ∨ qδ} unless otherwise specified.
Example 4.2. Consider Example 3.2. Define a fuzzy subset F of L by
F(0) = 0.6, F(a) = 1, F(b) = 1 and F(c) = 1.
Then F is a (β; ∈0.2 ∨ q0.6)-fuzzy (implicative, positive implicative, fantastic) filter of L.
Theorem 4.3. Let F be a (β,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L. Then the set Fδˆ is an
(implicative, positive implicative, fantastic) filter of L, where Fδˆ = {x ∈ L|F(x) > δ}.
Proof. Assume that F is an (β,∈γ ∨qδ)-fuzzy filter of L. Let x, y, a ∈ Fδˆ and b ∈ L be such that a ≤ b. Then F(x) > δ, F(y) > δ
and F(a) > δ. If F(x y) ≤ δ, we have the following two cases.
Case 1: β ∈ {∈γ ,∈γ ∨ qδ}. Then for all r such that δ < r < min{F(x), F(y)},U(x y; r) β F . By (F1b), U(x; r)∈γ ∨ qδ F or
U(y; r)∈γ ∨ qδ F . It follows that F(x) < r or F(x)+ r ≤ 2δ, or F(y) < r or F(y)+ r ≤ 2δ, a contradiction.
Case 2: β = qδ . Then U(xy; δ)β F . By (F1b), U(x; δ)∈γ ∨qδ F or U(y; δ)∈γ ∨qδ F . It follows that F(x) < δ or F(x)+δ ≤ 2δ,
or F(y) < δ or F(y)+ δ ≤ 2δ, which contradict to F(x) > δ and F(y) > δ.
Thus, in any case, F(x y) > δ and so x y ∈ Fδˆ . In a similar way, we may show that b ∈ Fδˆ . Therefore, Fδˆ is a filter of L.
The cases for (β,∈γ ∨ qδ)-fuzzy implicative (positive implicative, fantastic) filters of L can be similarly proved. 
Theorem 4.4. Let A be a non-empty subset of L. Then A is an (implicative, positive implicative, fantastic) filter of L if and only if
the fuzzy subset F of L such that F(x) = 1 for all x ∈ A and F(x) = δ otherwise is a (β,∈γ ∨ qδ)-fuzzy (implicative, positive
implicative, fantastic) filter of L.
Proof. Assume that A is a filter of L. Let x, y ∈ L and r, t ∈ (γ , 1] be such that U(x  y;min{r, t})β F . Then we have the
following three cases.
Case 1: U(x y;min{r, t})∈γ F . Then F(x y) < min{r, t} ≤ 1 and so F(x y) = δ < min{r, t}, i.e., x y 6∈ A. It follows
that x 6∈ A or y 6∈ A, and so F(x) = δ or F(y) = δ. Hence U(x; r)∈γ F or U(y; t)∈γ F , i.e., U(x; r)∈γ ∨ qδ F or U(y; t)∈γ ∨ qδ F .
Case 2: U(x y;min{r, t})qδ F . Then F(x y)+min{r, t} ≤ 2δ. If F(x y) = δ, analogous to the proof of Case 1, we have
U(x; r)∈γ ∨ qδ F or U(y; t)∈γ ∨ qδ F . If F(x y) = 1, then
max{F(x), F(y)} +min{r, t} ≤ 1+min{r, t} = F(x y)+min{r, t} ≤ 2δ.
It follows that F(x)+ r ≤ 2δ or F(y)+ t ≤ 2δ. Hence U(x; r)qδF or U(y; t)qδF , i.e., U(x; r)∈γ ∨ qδF or U(y; t)∈γ ∨ qδ F .
Case 3: U(x  y;min{r, t})∈γ ∨ qδ F . Then U(x  y;min{r, t})∈γ F or U(x  y;min{r, t})qδ F . Hence U(x; r)∈γ ∨ qδ F or
U(y; t)∈γ ∨ qδ F from Cases 1 and 2.
In a similar way, we may show that U(y; r)β F implies U(x; r)α F for all x, y ∈ L such that x ≤ y.
Therefore, F is an (β,∈γ ∨ qδ)-fuzzy filter of L.
Conversely, assume that F is a (β,∈γ ∨qδ)-fuzzy filter of L. It is easy to see that A = Fδˆ . Hence it follows from Theorem 4.3
that A is a filter of L.
The cases for (β,∈γ ∨ qδ)-fuzzy implicative (positive implicative, fantastic) filters of L can be similarly proved. 
Proposition 4.5. Each (∈γ ∨qδ,∈γ ∨qδ)-fuzzy (implicative, positive implicative, fantastic) filter F of L is an (∈γ ,∈γ ∨qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L.
Proof. This is straightforward since U(x; r)∈γ F implies U(x; r)∈γ ∨ qδ F for all x ∈ L and r ∈ (γ , 1]. 
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Proposition 4.6. Each (∈γ ,∈γ )-fuzzy (implicative, positive implicative, fantastic) filter F of L is an (∈γ ,∈γ ∨ qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L.
Proof. It is straightforward. 
Note that the converse of Propositions 4.5 and 4.6 may not be true as shown in the following example.
Example 4.7. Consider Example 3.7. Define fuzzy subsets F and G of L by
F(0) = 0.4, F(a) = 0.9, F(b) = 0.9, F(c) = 0.5, F(d) = 0.5, F(1) = 0.9
and
G(0) = 0.8, G(a) = 0.7, G(b) = 0.7, G(c) = 0.8, G(d) = 0.8, G(1) = 0.7.
Then
(1) It is routine to verify that both F and G are (∈0.3; ∈0.3 ∨q0.6)-fuzzy (implicative, positive implicative, fantastic) filters
of L.
(2) F is not an (∈0.3; ∈0.3)-fuzzy (implicative, positive implicative, fantastic) filter of L since U(d  d; 0.45) =
U(0; 0.45)∈0.3 F but U(d; 0.45) ∈0.3 F .
(3) G is not an (∈0.3∨q0.6; ∈0.3∨q0.6)-fuzzy (implicative, positive implicative, fantastic) filter of L sinceU(1; 0.45)∈0.3∨q0.6G
and d < 1 but U(d; 0.45)∈0.3 ∨ q0.6G.
Theorem 4.8. Let F be a fuzzy subset of L. If F is a (qδ,∈γ ∨ qδ)-fuzzy filter of L, then the following conditions hold: ∀x, y ∈ L
(F6b) max{F(x y), δ} ≥ min{F(x), F(y)},
(F7b) max{F(y), δ} ≥ F(x) with x ≤ y.
If F is an (α, β)-fuzzy implicative (positive implicative, fantastic) filter of L, then the following conditions hold, respectively:
∀x, y, z ∈ L
(F8b) max{F(x→ z), δ} ≥ min{F(x→ (z ′ → y)), F(y→ z)},
(F9b) max{F(x→ z), δ} ≥ min{F(x→ (y→ z)), F(x→ y)},
(F10b) max{F(((x→ y)→ y)→ x), δ} ≥ min{F(z → (y→ x)), F(z)}.
Proof. Let F be an (qδ,∈γ ∨ qδ)-fuzzy filter of L. We only show (F6b). The other properties can be similarly proved. Assume
that there exist x, y ∈ L such that max{F(x y), δ} < min{F(x), F(y)}. Then for all r such that 2δ−max{F(x y), δ} > r >
2δ−min{F(x), F(y)}, we havemin{2δ− F(xy), δ} > r > max{2δ− F(x), 2δ− F(y)} and so F(xy)+ r < 2δ, F(x)+ r >
2δ > 2r and F(y)+ r > 2δ > 2r . Hence U(x y; r)qδF but U(x; r)∈γ ∨ qδ F ,U(y; r)∈γ ∨ qδ F , a contradiction. Therefore,
max{F(x y), δ} ≥ min{F(x), F(y)} for all x, y ∈ L. 
Theorem 4.9. A fuzzy subset F of L is an (∈γ ,∈γ ∨ qδ)-fuzzy filter of L if and only if the following conditions hold: ∀x, y ∈ L
(F6b) max{F(x y), δ} ≥ min{F(x), F(y)},
(F7b) max{F(y), δ} ≥ F(x) with x ≤ y.
An (∈γ ,∈γ ∨ qδ)-fuzzy filter F of L is an (∈γ ,∈γ ∨ qδ)-fuzzy implicative (positive implicative, fantastic) filter of L if and only if
the following conditions hold, respectively: ∀x, y, z ∈ L
(F8b) max{F(x→ z), δ} ≥ min{F(x→ (z ′ → y)), F(y→ z)},
(F9b) max{F(x→ z), δ} ≥ min{F(x→ (y→ z)), F(x→ y)},
(F10b) max{F(((x→ y)→ y)→ x), δ} ≥ min{F(z → (y→ x)), F(z)}.
Proof. (F1b)⇒ (F6b) If there exist x, y ∈ L such that max{F(x y), δ} < r = min{F(x), F(y)}. Then F(x y) < r, F(x) ≥
r > γ , F(y) ≥ r > γ , F(x) + r ≥ 2r > 2δ and F(y) + r ≥ 2r > 2δ, i.e., U(x  y; r)∈γ F but U(x; r)∈γ ∨ qδ F and
U(y; r)∈γ ∨ qδ F , a contradiction. Hence (F6b) is valid.
(F6b) ⇒ (F1b) If there exist x, y ∈ L and r, t ∈ (γ , 1] such that U(x  y;min{r, t})∈γ F but U(x; r)∈γ ∨ qδ F and
U(y; t)∈γ ∨ qδ F , then F(x  y) < min{r, t}, F(x) ≥ r, F(y) ≥ t, F(x) + r > 2δ and F(y) + r > 2δ. It follows that
F(x) > δ and F(y) > δ, and so min{F(x), F(y)} ≥ max{min{r, t}, δ} > max{F(x  y), δ}, a contradiction. Hence (F1b) is
satisfied.
(F2b)⇒ (F7b) Let x ≤ y. If max{F(y), δ} < r = F(x). Then F(y) < r, F(x) ≥ r > γ and F(x)+ r = 2r > 2δ, i.e., U(y; r)∈γ F
but U(x; r)∈γ ∨ qδ F , a contradiction. Hence (F7b) is valid.
(F7b)⇒ (F2b) If there exist x, y ∈ L such that x ≤ y and U(y; r)∈γ F but U(x; r)∈γ ∨ qδ F , then F(x) ≥ r, F(x) + r > 2δ
and F(y) < r . It follows that F(x) > δ and F(x) ≥ r > F(y), and so F(x) > max{F(y), δ}, a contradiction. Hence (F2b) is
satisfied.
Therefore, a fuzzy subset F of L is an (∈γ ,∈γ ∨qδ)-fuzzy filter of L if and only if conditions (F6b) and (F7b) hold. The cases
for (∈γ ,∈γ ∨ qδ)-fuzzy implicative (positive implicative, fantastic) filters of L can be similarly proved. 
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As a direct consequence of Theorems 4.8 and 4.9, we have the following result.
Proposition 4.10. Each (qδ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filter F of L is an (∈γ ,∈γ ∨ qδ)-fuzzy
(implicative, positive implicative, fantastic) filter of L.
The following example shows that the converse of Proposition 4.10 is not true in general.
Example 4.11. Let L and G be as in Example 4.7. Then G is an (∈0.3; ∈0.3 ∨q0.6)-fuzzy (implicative, positive implicative,
fantastic) filter of L, but it is not an (q0.6; ∈0.3 ∨ q0.6)-fuzzy (implicative, positive implicative, fantastic) filter of L since
U(a; 0.5)q0.6 F and d < a but U(d; 0.5)∈0.3 ∨ q0.6 F .
Remark 4.12. For any (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filter F of L, we can conclude that F
is an (∈,∈ ∨ q)-fuzzy (implicative, positive implicative, fantastic) filter of Lwhen δ = 0.5 (see [35]).
The next theorem provides the relationship between (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic)
filters of L and crisp (implicative, positive implicative, fantastic) filters of L.
Theorem 4.13. Let F ∈ F(L).
(1) F is an (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if Fr(6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (δ, 1].
(2) F is an (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if F δr (6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (γ , δ].
Proof. (1) Let F be an (∈γ ,∈γ ∨ qδ)-fuzzy filter of L and x, y ∈ Fr for some r ∈ (δ, 1]. Then U(x; r)∈γ F and U(y; r)∈γ F ,
i.e., F(x) ≥ r and F(y) ≥ r . Since F is an (∈γ ,∈γ ∨ qδ)-fuzzy filter of L, we have max{F(x y), δ} ≥ min{F(x), F(y)} ≥ r . It
follows from r ∈ (δ, 1] that F(x y) ≥ r > γ . Hence x y ∈ Fr . Similarly we can show that x ∈ Fr and x ≤ y implies y ∈ Fr
for all x, y ∈ L. Therefore, Fr is a filter of L.
Conversely, assume that the given condition holds. Let x, y ∈ L. If max{F(x  y), δ} < r = min{F(x), F(y)},
then r > δ,U(x; r)∈γ F ,U(y; r)∈γ F but U(x  y; r)∈γ F , i.e., x, y ∈ Fr but x  y 6∈ Fr , a contradiction. Therefore,
max{F(xy), δ} ≥ min{F(x), F(y)}. Similarly we can show that condition (F7b) holds. Therefore, F is an (∈γ ,∈γ ∨qδ)-fuzzy
filter of L by Theorem 4.9.
(2) Let F be an (∈γ ,∈γ ∨ qδ)-fuzzy filter of L and x, y ∈ F δr for some r ∈ (γ , δ]. Then U(x; r) qδ F and U(y; r) qδF , i.e.,
F(x)+ r > 2δ and F(x)+ r > 2δ. Since F is an (∈γ ,∈γ ∨qδ)-fuzzy filter of L, we havemax{F(xy), δ} ≥ min{F(x), F(y)} >
min{2δ − r, 2δ − r} = 2δ − r . It follows from r ∈ (γ , δ] that δ ≤ 2δ − r , and so F(x  y) > 2δ − r , i.e., U(x  y; r)qδ F .
Hence x y ∈ F δr . Similarly we can show that x ∈ F δr and x ≤ y implies y ∈ F δr for all x, y ∈ L. Therefore, F δr is a filter of L.
Conversely, assume that the given condition holds. Let x, y ∈ L. If max{F(x y), δ} < min{F(x), F(y)}, then for all r such
that 2δ−max{F(x y), δ} > r > 2δ−min{F(x), F(y)}, we have min{2δ− F(x y), δ} > r > max{2δ− F(x), 2δ− F(y)},
and so r < δ, F(x  y) + r < 2δ, F(x) + r > 2δ and F(y) + r > 2δ. Hence U(x; r) qδ F ,U(y; r) qδ F but U(x  y; r)qδ F ,
i.e., x, y ∈ F δr but x  y 6∈ F δr , a contradiction. Therefore, max{F(x  y), δ} ≥ min{F(x), F(y)}. Similarly we can show that
condition (F7b) holds. Therefore, F is an (∈γ ,∈γ ∨ qδ)-fuzzy filter of L by Theorem 4.9.
The cases for (∈γ ,∈γ ∨ qδ)-fuzzy implicative (positive implicative, fantastic) filter of L can be similarly proved. 
As a direct of consequence of Theorem 4.13, we have the following result.
Corollary 4.14. Let γ , γ ′, δ, δ′ ∈ [0, 1] be such that γ < δ, γ ′ < δ′ and δ′ < δ. Then every (∈γ ′ ,∈γ ′ ∨ qδ′)-fuzzy (implicative,
positive implicative, fantastic) filter of L is an (∈γ ,∈γ ∨ qδ)-fuzzy (implicative, positive implicative, fantastic) filter of L.
The following example shows that the converse of Corollary 4.14 is not true in general.
Example 4.15. Let L and F be as in Example 4.7. Then F is an (∈0.3,∈0.3 ∨ q0.6)-fuzzy (implicative, positive implicative,
fantastic) filter of L, but not an (∈0.3,∈0.3 ∨ q0.4)-fuzzy (implicative, positive implicative, fantastic) filter of L.
If we take δ = 0.5 in Theorem 4.13, then we have the following result.
Corollary 4.16. Let F ∈ F(L).
(1) F is an (∈,∈ ∨ q)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if U(F; r)(6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (0.5, 1] (see [35]).
(2) F is an (∈,∈ ∨ q)-fuzzy (implicative, positive implicative, fantastic) filter of L if and only if Q (F; r)(6=∅) is an (implicative,
positive implicative, fantastic) filter of L for all r ∈ (0, 0.5].
The next theorem presents the relationships among (∈,∈ ∨ q)-fuzzy implicative filters, (∈,∈ ∨ q)-fuzzy positive
implicative filters and (∈,∈ ∨ q)-fuzzy fantastic filters of L.
Theorem 4.17. A fuzzy subset F of L is an (∈γ ,∈γ ∨qδ)-fuzzy implicative filter of L if and only if it is both an (∈γ ,∈γ ∨qδ)-fuzzy
positive implicative filter and an (∈γ ,∈γ ∨ qδ)-fuzzy fantastic filter.
Proof. It is straightforward from Theorems 2.1 and 4.13. 
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